Abstract. In this article we prove two cases of the abundance conjecture for 3-folds in characteristic p > 5: (i) (X, ∆) is klt and κ(X, K X + ∆) = 1, and (ii) (X, ∆) is klt, K X + ∆ ≡ 0 and X is not uniruled.
Introduction
The log minimal model program is now known for 3-folds in characteristic p > 5 (see for example [HX15] , [Bir16] and [BW17] ). However, the abundance conjecture is still largely open in positive characteristic. We prove some results in this direction. Our first result is under the additional assumption of κ(K X + B) = 1. Together with the results of [Wal17a] and [Bir16] this completes the proof of abundance whenever κ(K X + B) > 0. The proof is based on the ideas of Kawamata [Kaw85, Theorem 7 .3] in characteristic 0, along with some recent results of Tanaka [Tan15a, Tan16] ; Birkar, Chen, Zhang [BCZ16] , and Waldron [Wal17a] .
Theorem A (Theorem 3.1). Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5, such that K X + ∆ is a nef Q-Cartier divisor with κ(X, K X + ∆) = 1. Then K X + ∆ is semi-ample.
We also obtain the following results in case of K X + ∆ ≡ 0, when X is not uniruled:
Theorem B (Theorem 3.3). Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5, such that K X + ∆ ≡ 0 and X is not uniruled. Then K X + ∆ is semi-ample, i.e., K X + ∆ ∼ Q 0.
Theorem C (Theorem 3.5). Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5. Assume that the following conditions are satisfied:
(1) K X + ∆ ≡ 0.
(2) The Albanese dimension of X is not equal to 1. (3) If the Albanese dimension of X is 2 and Supp ∆ intersects the generic fiber of the Albanese morphism, then further assume that char p > max{5, 2 δ }, where δ > 0 is the minimum non-zero coefficient of ∆.
In characteristic zero, it is known by [BDPP13] that a smooth variety is uniruled if and only if K X is not pseudo-effective. However, in positive characteristic there are many examples of uniruled varieties with κ(K X ) ≥ 0 which arise via purely inseparable covers. Thus ideally we would like to remove this condition.
We were informed that similar results were obtained independently around the same time by Zhang in [Zha17] ; however our techniques seem to be different from his.
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2. Preliminaries 2.1. Generic fibre.
Lemma 2.1. [BCZ16, Lemma 2.20] Let f : X → Y be a dominant morphism of finite type between two integral schemes of finite type over a field k of arbitrary characteristic (not necessarily algebraically closed). Let η be the generic point of Y , and X η the generic fibre. Then the following statements hold:
(1) X η is an integral scheme.
′ is a point in X η and x its image in X through the set the-
In particular, if X is normal (or regular), then X η normal (or regular).
Corollary 2.2. Let f : X → Y be a dominant morphism between two varieties with X normal. Let η be the generic point of Y and X η the generic fibre. Further assume that (X, ∆) is a pair such that K X + ∆ is Q-Cartier. If (X, ∆) has terminal, canonical, klt, plt, dlt or lc singularities, then the pair (X η , ∆| Xη ) has terminal, canonical, klt, plt, dlt or lc singularities, respectively.
Proof. Let Q ∈ X be a point of X (not necessarily a closed point) and
where ∆ Q is the flat pull back of ∆ by X Q → X. See [Kol13, Chapter 2, 2.16] for further discussions.
Thus from Lemma 2.1 it follows that if (X, ∆) has terminal, canonical, klt, plt, dlt or lc singularities, then so does the pair (X η , ∆| Xη ). 
satisfying the following conditions:
(1) Y and Z are smooth projective varieties, dim Y = 3 and dim Z = κ(X, K X + ∆). (2) µ : Y → X is a log resolution of (X, ∆) and f is a surjective morphism with 2.3. Albanese morphism and rational curves. Let X be a normal projective variety over an algebraically closed field k of arbitrary characteristic. From Section 9 of [FGI + 05] we know that the Albanese morphism α : X → Alb(X) exists. It is well known that the induced morphism α * : Pic 0 (Alb(X)) → Pic 0 (X) red of abelian varieties is an isomorphism of group varieties (see [Bȃd01, Chapter 5] ). In particular, α induces an isomorphism of groups
Lemma 2.4. Let A be an abelian variety of dimension g > 0, and Z be a subvariety. Then for any resolution of singularities f :
Remark 2.5. From Lemma 2.4 it follows that any proper morphism f : X → A from a variety X to an abelian variety A contracts all rational curves in X. Definition 2.6 (Uniruled). A variety X over a base field k (not necessarily algebraically closed) is uniruled if there exists a dominant rational map f :
A proper variety X over an uncountable algebraically closed field k is uniruled if and only if there is a rational curve through a general point of X, and also if and only if there is a rational curve through every (closed) point of X (see [Deb01, Remark 4.1(4)]).
Main Theorems
3.1. Kodaira dimension 1. In this subsection we will prove abundance when κ(X, K X + ∆) = 1. We use some arguments of [Kaw85, Theorem 7 .3], with the fibre over a general point of the Iitaka fibration replaced by the generic fibre due to the possibility of badly singular closed fibres.
Theorem 3.1. Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5, such that K X + ∆ is a nef Q-Cartier divisor with κ(X, K X + ∆) = 1. Then K X + ∆ is semi-ample.
Proof. Since (X, ∆) has klt singularities, by [Bir16, Theorem 1.7] there exists a crepant Q-factorial terminal model for (X, ∆). We may replace X with this to assume that (X, ∆) is terminal with Q-factorial singularities.
Let the following diagram be the Iitaka fibration of
Let {E i } be the exceptional divisors of µ, and set
Let η be the generic point of Z. Since (Y, ∆ Y ) has klt singularities, (Y η , ∆ Yη ) also has klt singularities by Corollary 2.2, where 
where {F j } are the exceptional divisors of σ; s j > 0 follows from [KM98, Lemma 3.38].
From adjunction on Y η we also get that
From relation (3.3) and (3.4) we have,
such that G + ≥ 0 and G − ≥ 0 are two effective Q-divisors on Y η with no common irreducible components.
We will show that G + = G − = 0. On the contrary first assume that
which is a contradiction. Therefore G + = 0 and
Then D is a divisor on a curve with κ(D) = 1, and so is ample. It then follows that K X + ∆ is semi-ample.
Proposition 3.2. Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5. Let f : X → C be a projective morphism to a curve C with
Proof. We follow the proof of [BCZ16, Theorem 1.6], where the statement is proved over F p . Let η be the generic point of C and X η the generic fibre of f . Note that it is commented in [BCZ16] that the assumption of F p is used only for the case when κ(K Xη + ∆ Xη ) = 1. So we prove only this case when k is an arbitrary algebraically closed field of characteristic p > 5. [BCZ16] also assumes that κ(K Xη + ∆ Xη ) ≥ 0, but this is implied by the assumption that K X + ∆ is f -nef together with [Tan15a, Theorem 1.1]. We follow the idea of the proof of [BCZ16, Theorem 1.6], with appropriate modifications for the more general field. 
where φ is birational and S is a smooth projective surface. We can see that
where G is the generic fibre of g, because K Xη + ∆ Xη is semi-ample. Then by [Wal17a, Lemma 3.2] (possibly after replacing Y with a higher model), there exists a Q-Cartier divisor D on S such that φ
Let H be an ample Cartier divisor on C. We claim that D + mh * H is nef and big on S for all m ≫ 0. That it is big is immediate because D is big over C. To see that it is nef, we use
and show that the left hand side is nef. This follow from the cone theorem, for if Γ is a curve on X such that (K X + ∆) · Γ < 0 then Γ is not contracted over C because K X + ∆ is f -nef, and so Γ · f * H is a positive integer. On the other hand, the cone theorem [Wal17b, Theorem 1.7] implies that every K X +∆-negative extremal ray contains a curve Γ ′ with −6 ≤ (K X +∆)·Γ ′ < 0 and so (K X +∆+6f * H)·Γ ′ ≥ 0. So K X + ∆ + mf * H is nef for m ≥ 6 and κ(X, K X + ∆ + mf
′ is semi-ample on X and hence K X + ∆ is semi-ample over C.
3.2. Numerical dimension 0 case. In this section we prove some results on abundance when K X + ∆ ≡ 0.
Theorem 3.3. Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5. Also assume that K X + ∆ ≡ 0 and X is not uniruled. Then K X + ∆ is semi-ample.
Remark 3.4. Note that the boundary divisor ∆ is forced to be 0 by the assumptions that X is not uniruled and K X + ∆ ≡ 0, see [Kol96, Corollary IV.1.14].
Proof. Since X has klt singularities, a crepant Q-factorial terminal model exists by [Bir16, Theorem 1.7], so we may replace X to assume it has Q-factorial terminal singularities. Note that if X were not already canonical, it would be uniruled by a similar argument as in Remark 3.4.
Let α : X → Alb(X) be the Albanese morphism. Since K X ≡ 0, it follows from the discussion in Subsection 2.3 and [FGI + 05, Theorem 9.6.3] that there exists a Q-Cartier divisor L on Alb(X) such that
We split the proof into four different cases depending on the dimension of α(X).
Case I: dim α(X) = 0. In this case dim Alb(X) = dim Pic 0 (X) = 0. In this case, L is a divisor on a point, so we have K X ∼ Q 0.
Case II: dim α(X) = 1.
Let X f / / C / / α(X) be the Stein factorization of α. Let η be the generic point of C. Since X is not uniruled, by [Tan17, Theorem 1.2] the generic fiber X η is geometrically normal, i.e., Xη is normal.
Let π : Y → Xη be the minimal resolution of the geometric generic fibre Xη of f : X → C. Then we have
We claim that ∆ = 0, if not, i.e., if ∆ > 0, then by running a K Y -MMP we end up with a Mori fiber space, which gives a uniruling of Xη, which in turns gives a uniruling of X η , and thus a uniruling of X, a contradiction. Hence ∆ = 0, and in particular, Xη has canonical singularities, which are strongly F -regular for surfaces in characteristic p > 5 by [Har98, Corollary 4.9].
We will show that C is an elliptic curve. Since (Xη, 0) is strongly Fregular, by [PSZ13, Theorem B and Corollary 4.22], the general fibers of f : X → C are also strongly F -regular. Since K X is a pullback from the base C, by [Pat14, Theorem 3.16] K X/C ≡ −f * K C is nef. It then follows that C must be an elliptic curve, as it cannot be rational by Lemma 2.4 and Remark 2.5. Furthermore, from the universal property of the Albanese morphism it then follows that C ∼ = Alb(X).
Since f : X → C is the Albanese morphism, from (3.8) we have
, L is semi-ample, and thus K X ∼ Q 0. 
Note that since X has terminal singularities and the rational map X Y ′ is defined as a morphism over a dense open subset U ′ ⊆ Y ′ , we can choose X ′ (a resolution of the graph of X Y ′ ) in such a way that the exceptional divisors of φ X : X ′ → X do not intersect the generic fibre of f ′ : X ′ → Y ′ . So in particular we still have
Since X is not uniruled, by [Tan17, Theorem 1.2] the geometric generic fibre F ′ η of f ′ is normal, i.e., F ′ η is a smooth elliptic curve over k(η) = K(Y ). Therefore the general fibres of f ′ are all smooth elliptic curves, and hence by [BCZ16, 2.14], there is an effective divisor
If we show that κ(K Y ′ ) ≥ 0, then it follows that κ(K X ′ ) ≥ 0. As X Case IV: dim α(X) = 3 This case follows from Theorem A.1 in the Appendix, which is due to Christopher Hacon.
Theorem 3.5. Let (X, ∆) be a projective klt 3-fold pair over an algebraically closed field k of characteristic p > 5. Assume that the following conditions are satisfied
Proof. Since (X, ∆) has klt singularities, by [Bir16, Theorem 1.7] we may assume that (X, ∆) has Q-factorial terminal singularities.
If the Albanese dimension of X is 0, then by a similar argument as in the proof of Theorem 3.3 it follows that K X + ∆ ∼ Q 0.
If the Albanese dimension of X is 3, and ∆ = 0, then from [Kol96, Corollary IV.1.14] it follows that X is uniruled, which contradicts the assumption that X has maximal Albanese dimension by Remark 2.5. Thus ∆ = 0, and in this case the proof follows from Hacon's Theorem A.1 in the appendix. Now we will deal with the Albanese dimension 2 case. Proof. We follow the notation and conventions of [HP16] . Since a is generically finite, it follows that a * F * ω X → a * ω X is generically surjective and so S 0 a * ω X = 0 and Ω = 0. By the proof of [HP16, 4.2.6] there exists P ∈ Pic 0 (A) such that 0 = H 0 (S 0 a * ω X ⊗ P ) ⊆ H 0 (ω X ⊗ a * P ). It follows that K X ∼ a * P ∨ . Let V 0 (S 0 a * ω X ) := {Q ∈ Pic 0 (A)|h 0 (S 0 a * ω X ⊗ Q) = 0}.
Since {P } ⊆ V 0 (S 0 a * ω X ) ⊆ V 0 (a * ω X ) = {P }, it follows that 
